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1. Peripheral Auditory System

Our objective is to build a model of peripheral auditory mechanics which is sufficient to simulate the neural spike rate
of auditory nerve fibers in response to acoustic signals presented to the eardrum. In order to allow for possible presence of
otoacoustic emissions in the ear canal, the acoustic stimulus should be specified indirectly. For this reason, we will include
an earphone and acoustic coupler in our model. Input to the model will be specified in terms of voltage to the earphone.
The four basic stages of the model are (1) earphone, (2) acoustic coupler, (3) middle ear, and (4) cochlea.
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Symbols for the physical variables at stage boundaries:

V, = voltage to the earphone
P, = pressure to the earphone diaphragm

X 4 = volume velocity of the earphone diaphragm

P, = pressure at the eardrum

X, = volume velocity of the middle ear

P. = pressure at the stapes footplate

S

X, = volume velocity of stapes footplate

r(x) =neural spike discharge rate

We will derive equations (based on physical principles) which will allow us to solve for al of these physica
variables, given V. We will consider each stage separately and derive appropriate equations of motion. Then we will

consider frequency-domain and time-domain solution of these equations.



2. Dynamic Earphone

The model earphone is based on a Beyer DT-48, 200-ohm, dynamic earphone. This
model is simple and generic. Other loudspeakers have similar characteristics. The model

] allows the earphone to have one mechanical degree of freedom (DOF) which is the motion of
AMA the diaphragm. This diaphragm has a mass M, and is attached to the inertial reference
K, frame by a stiffness K, and a viscous damping R,. There are two forces acting on the

diaphragm. One proportional to the voltage V,, and the other proportional to the pressure
).

M, . .
Vo o . M x4 +(Ry + R)Xy +Kyxy =(CV, - A/P)A
— &, is the equation of motion for the earphone. The additional damping term R, has been
R, added to account for the energy lost due to induced electrical currents as a result of motion of
the voice coil through a magnetic field. The voice coil parameters are defined as
_|
|| _ B
’10R,
2
R, =10 0 (B
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where B the magnetic flux density, ¢is the length of the wire in the voice coil winding, and R, is the electrical resistance
of the voice cail.

We can represent the earphone by an electrical analog circuit like this.
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The multipliers above the transformers in this diagram indicate the voltage gain going from left to right.



3. Acoustic Coupler

The model of the acoustic coupling between the eardrum and the eardrum is based on a
funnel-shaped device used in laboratory experiments. The air in the small tube on one end of
the coupler is treated as a lumped mass. A force is exterted on this mass by the pressure at
the earphone P, and the pressure at the eardrum P,. The air in the conical cavity is treated

as a spring K, which couples the air in the tube with the diaphragm of the eardrum.
Damping is included to represent losses in the conical cavity and thetube, R, and R,. The
equation of motion becomes

M+ RX, = (AR - AR)A
An electrical analog circuit looks like this.
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We can check the earphone model independent of the influence of the middle ear and cochlea by setting x, to zero and
solving for x; given 'V, .
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Solutions of these equation can be compared with responses recorded from a microphone covering the small end of the
acoustic coupler. In the frequency domain
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4, Middle Ear
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The middle ear is allowed to have three degrees of freedom (1) effective motion of the eardrum and malleus, (2)
ineffective or unused motion of the eardrum, and (3) motion of the stapes. The incus is assumed to move with the stapes.
The first equation of motion represents the unused mode of the middle ear.

MX, +RxX, +Kx, = (AR)A
The next equation represents the malleus.
M X + Rk + Kok = (AR - G0F) A,

F = Rg__;. +K, g__x_(..j
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The pressure at the stapes pushes to the | eft.
Ms)zs + ng-s + sts = (FI - A§PS)A§

We also need a continuity equation to complete the description of the middle-ear model.
Xe =X, X,

The continuity equation indicates that the volume velocity at the output of the acoustic coupler is equal to the sum of the
volume velocities of the malleus and unused modes of the eardrum.



An electrical analog of the middle-ear model 1ooks like this
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We can combine the middle-ear equations above to obtain three equations of motion.
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5. Combining, Ear phone, Acoustic Coupler, and Middle Ear

We can combine the equations for the earphone, middle ear and acoustic coupler into four equations of motion:
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We can rewrite these equations of motion in the terms of a state vector x and matrices of mechanical parameters such
that
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6. Cochlear macromechanics

We need to derive the equations of motion for the fluid in the cochlear chambers.
We will only represent the longitudinal spatial dimension and treat the cochlea as a
series of radial cross-sections (RCS). The fluid is assumed to be incompressible so the
P, volume of fluid leaving the upper chamber of an RCS must be equal to the fluid
entering the upper chamber minus the volume displacement of the cochlear partition.

v

&-&f, P/,l\ )(fl+1 :Xf.-xp.
27 The motion of the fluid in the lower chamber is assumed to be equal and opposite
to the fluid in the upper chamber due to the connection of the fluid chambers at the
g helicotrema and the incompressibility of the fluid.
E—‘Pi

If the cross-sectional area of each chamber is A, and the thickness of the RCSis

dx , then the mass of the fluid (including both chambers) will be

M, =2rA, dx

where r isthe density of the fluid.

The equations of motion for the RCS are
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where R, represents viscous damping due to longitudinal fluid motion, M, isthe mass of the partition and S, represents

other forces on the partition due to cochlear micromechanics. These other forces will depend on partition velocity and
displacement, but not on partition acceleration.

We can use the continuity equation (conservation of fluid volume) to combine the two equations of motion into a single
equation
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This equation can be used in a time-domain model to solve for cochlear macromechanics since the right-hand side will be
known at each time-step if the velocity and displacement of the partition are known.

There are variations in the equation of motion at the stapes and helicotrema due to boundary conditions. If there are
N sections numbered i =0J1,...,N - 1, then the stapes boundary isat i =0 and the helicotrema boundary isat i =N - 1.

. . R
At the stapes we will assume that P, =P, and x =X . At the helicotrema we have x; =0 and S, = h

N-1

Combining these boundary conditions with the equations of motion, we obtain
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An electrical analog circuit for asingle RCS looks like this
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where S, depends on the micromechanics of the cochlear partition.



7. Cochlear micromechanics (1-DOF)

We will with a simple representation of cochlear micromechanics with only 1 degree of freedom (DOF) in each radia
cross section (RCS), namely the displacement of the basilar membrane.

X, =- 2

A
The equation of motion for the basilar membrane will be
MpXs, + RXy +KpXy =- APy

or

Aé XpI Aé XpI +K§Xp' =

This equation has the from of the partition equation used in the previous section

My R K, _p

with
M P = Mb.

and (for 1-DOF)

This representation of cochlear micromechanics is sufficient to complete our model of the cochlea and to simulate
traveling waves on the basilar membrane. We need more than 1 DOF, however, to simulate neural-like tuning.

An electrical analog circuit looks like this.
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8. Time-domain solution

Before we add more degrees of freedom to cochlear micromechanics, we will consider how to combine the equations for

the cochlea (macromechanics and micromechanics) with the equations for the middle ear, acoustic coupler and earphone to
obtain time-domain and frequency-domain numerical solutions.

or

First we need to combine the stapes boundary conditions for cochlea and middle ear
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We can now rewrite the entire set of equations of motion in the terms of a state vector x and matrices of mechanical

parameters such that
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where
éC, U
éXq 0 :A:Vpg
é,  u é 1]
eXeq e 0 ¢
éx, U o Y
é é 1]
&% 4 n g0
_éy U P=& 0
XTeta ¢ 9 u
exy, u ¢cou
é . a é .
¢ d ¢ d
Ky, Y € o U
T e
&0 8048
én, 0 0O 0 0o 0 0 0
e u
g0 m -m, 0 0o 0 0 0
€0 -m, m, 0 0o 0 0 0 u
g0 0 0 m+m, -m, 0 0 0 4
M]=€0 0o 0o -m, m, -m, 0 o U
&0 0 0 o -m, m, 0 0 4
é: : : : : o
e’ ' v
g0 0 0 0 0o 0 m,.  -m 0
e u
§0 0 0 0 0o 0 -m,  m, 3§

11



M aMm M, 0 M
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inversion is made easier by the fact that the matrix is tridiagonal.
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The mass matrix must be inverted at each time step for a time-domain solution. This
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Note that this vector depends only on velocities and displacements of the state variables.

We can proceed with a time-domain solution of these equations by assuming that at some initial time t, we know that
"state" of the system in terms of the velocity vector x'(to) and the displacement vector x(t,) so that we can construct the
influence vector S(t,). We also assume that we know the value of any external forces applied so we can construct the

vector P() . 1n order to solve for the acceleration )i (ty) , we need the matrix equation
MK () = P(to) - S(to)

Now we need to extrapolate what we know about the state variables at t, in order to estimate the velocity vector X (t,) and
the displacement vector x(t;) at the next time t,. We start by assuming that the acceleration will be approximately
constant between t, and t, so that our best estimate of x (t,) will be

X_qti) = )i(to) + (ti - to)&(to)
Having an estimate of the velocity at t, , our best estimate of the displacement at t, will be
1 . .
X4 =x(00) 5 (- () +X%)
We can improve our initial predictions of velocity >£ (t;) and displacement x(t;) by solving for the acceleration at time t,

and repeating the integration steps.
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[MKdt) = P(t) - S(t,)
X&) =X() + (- HE 1) )

XE) =X+ (1 - ) ) +X €)

These three steps can be repeated, if necessary, to obtain further improvements in the estimates of x'(tl) and x(t;). In
practice, it seems sufficient to use the values obtained after a single improvement.

X (t) =x4t,)
X (t,) =x&t,)

Now the velocity and displacement are known at time t, and the same procedure is repeated to obtain the state variables at
succeeding time steps.
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9. Frequency-domain solution

To obtain frequency-domain solutions we assume harmonic time dependence e .

motion as a complex matrix equation

[zk=P
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We can rewrite the equations of
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) +R 0
e
A g o

ZP. =Zp|
z, = fis 1w +—2'1 +ZpI +Zp,,1

The impedance matrix [Z] must be inverted at each time step for atime-domain solution. Thisinversion is made easier by

the fact that the matrix is tridiagonal.

The partition impedance Z, characterizes the cochlear micromechanics and is defined as the ratio of the pressure and

velocity.
P P
ZpI :__f' :+
Xo  Xi =Xy,

For micromechanics with 1-DOF
1

Z, =M, iw+R, +K, =
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10. Resonant Tectorial Membrane (2-DOF)

We need 2-DOF to represent the tectorial membrane as a separate mechanical element. We will assume that the
displacement of the hair bundle of the outer hair cells x,. is alinear combination of basilar membrane displacement x, and

tectorial membrane displacement X, .

Xe = 0K, = %

where g, is the shear lever-gain between upward displacement of the basilar membrane and radial displacement of the

reticular lamina. The equations of motion are
M X, +RX, + KX, + g RX, +g.Kx, =- AP,
MX, +RxX, +Kx, - RX, - Kx, =0
An electrical analog circuit looks like this.

& — -4, M, R, K, 2

For time domain solutions with 2-DOF micromechanics we have

17 - .
Sp :A_[beb + KbXb + gCRCXC + gCKCXC]

p

and, in order to integrate X,

X4 :I\-/I_jt-[RtXt + KtXt - chc - chc]

For frequency-domain solutions we will have

Zp = Zb + gCHCZC

where
Z, =M,jw+R +K i
b b biW
Z -Miw+R(+Ki
't t tiW
1
Z = + K —
C R: CIW
H, = 9
Z+Z,
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11. Outer Hair Cell Motility (3-DOF)

In order to incorporate outer hair cell length changes into the micromechanics, we need to add another mechanical
degree of freedom. We will allow the reticular lamina to have a separate motion so that the relative distance between the
basilar membrane and the reticular lamina will change when the outer hair cell length changes. In addition, we will
assume that the outer hair cells exert aforce F, between the basilar membrane and the reticular laminathat is proportional

to the voltage across the cell membrane. The equations of motion for the 3-DOF micromechanics will be
MyXy + RX, + KiX, + GcRX, + 9. KX, =- APy
M X, +Rx, + KX, - RX, - KX, =0
MX, +RxX, +KX, - gRX, - g.KX, - F, =0
where
Xe = 0ok - X,)- %,
Fo =0, KV

and V,, isthe voltage across the outer hair cell membrane. This voltage is controlled by the displacement of the hair bundle
at the top of the cell and dependent on the conductance G,, and capacitance C,, of the hair cell.

Cm\]m +Gme = ngmxo - ngox.r
An electrical analog circuit looks like this

€, —» -4, M, R, K,

& : 3 :
] 1K B EA P
\/ \ \
o—— R, R, K,
K, _|_ K,
,Fo

For time-domain solutions we will have
e 0kl
Sp TN Roxb + Kbxb + gCR:XC + gCKCXC
A
with

N .
X = M_[Rtxt + KtXt - gCR:XC - gCKCXC]
t

X, =|\'/|—1[fo'r +KX, - RX, - KX, - ngon]

G .
9 mXC_ %Vm' ngOXr
C C

m m m

V.=

m
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For a frequency-domain solution, let

. 1
Z =M, iw+R +K, —
b b Rb biW

. 1
Z =M,jw+R +K,—
t t R tIW
Z =M iw+R +K, =
r r rIW
1
Z =R +K,—
Cc RC CIW
_ (9.K,)
° G, +C,w
K G
Z,=9,0, 0
=99y G, +C,iw

Then the partition impedance and "second-filter" will be
Zp = Zb + gCHCZC

H - ZrHt
‘ (Zo + gCZC)Ht +Zr

and

__ 9.4

' Z+Z,

If the tectorial membrane is much stiffer to lateral motion than the hair bundles, then the contribution of x, to x, may
be negligible and the outer-hair cell motility can be modeled by only 2 mechanical degrees of freedom. In this case,

Xe = gc(xb - Xr)

The formulation of the time-domain solution is the same as described above, except that >i't need not be computed. The
formulation of the frequency-domain solution is the same except that

H =g,
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12. Time-domain solution (alter nate for mulation)

It may be more convenient to formulate solution methods in terms of pressure instead of acceleration. For the time-
domain solution, we can write

[Ap=

where P includes a corresponding pressure variable for each displacement variable in the state vector x .

-U m-U B-U rn-U Q-U

—
fi
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First, we express acceleration variables in terms of pressure variables:

X, =Mi2(sdo- S, - R)

k’ezl\;lii(s -s, - P)

X = I\ﬁ (P.-s, - P.)

k’szl\;lii(s -s, - P)

Xf.F%(Pf.' .- S,)
where |

S, =2V,

R BXy X, O aK, By X, 0
S TEAEA A A BA A
_ 2R, 0X,
T
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_aR 0x, &K, 0x,

S TEA A TEA 5A

S :m:{mgx_m+m<m.+ox_m

" TEA 5A €A, A,

S =mi @mxm _ X_Sg_'_m(I .;dmmxm _ X_sg
N AséAm g A A, Ag
_ROXS m‘<s Xs

S = = T

““EALA EA A

s, =&gxf+1

CEA S

and S, depends on the details of the micromechanics. We derive [A] and Q by considering equations for pressure at each
stage in the model.

At the earphone:
)i.d = % (*.a +)ze)

Xe =X, X,

At the malleus:

){m = g’:\n& (xl +)Zs)

b GA
" AHSSD

At the stapes:

XS =Xpo +Xf0

_(Sso "S- Ps)=
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In the cochlea:

XfI =XpI +Xf|*1
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Once the pressure P has been obtained, we can compute the acceleration values needed for the time-domain solution from
the equations above.
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13. Frequency-domain solution (alter nate for mulation)

In the frequency domain, we can solve for the pressure in the equation

[AP=Q
where
éAC, U
&R, 0 &5 Vol
ép a e " a
e u e 0
€R, U ¢ o u
é_u é a
éf o ¢ 0
-ép U =é a
E_épf1 i = e 0 L;'
eP, G ¢ o0 d
é . é .
¢ d ¢ i g
e, . d € u
& U ¢ u
7.0 e 0 ¢
First, we define a set of mechanical impedance functions:
Z, =Mgiw+(R, +R )+ K, =
iw
1
Z,=R, +K,—
a Ra aIW
Z, =M jw +R,
z—Miw+F§n+K-l
m m mIW
z—Miw+Ru+K-l
u u LJIW
1
Z =R +K —
| R IIW
z—Miw+&+K-l
S S SIW

Z, =M iw+R,
Zn =Zt\ +ququ

The transfer function H_ depends on the details of the micromechanics. Next, we express velocity variables in terms of

pressures
= Aicy -
Xg = Z, (vap Ade)
X = 22(AR, - AR)

e
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sz%;(lge'Pm)

=R E R AP,
X¢ _ﬁ(Pf, Pfl)
x'Hzgﬂ—%Pfl

Now, we can express the relation between the velocity variables in terms of pressure variables.

At the earphone:
Xd :i a +X.e)
A
2oy, - AR)=2-(AR)+ (AR - AR)

Zu Zm ,6 ¢ Ze
At the malleus:
X.m = An (x.i +X.s)
InA

A“ P-APR)=Ln Bnp O A Bp  pp?
(A“ A“ gmzl gm ,0 gmzsg " A‘-" SB

AL Ko KoL AA,
g grizl gm s,@ Zm ¢ gmzs °

At the stapes:

Xs =X, X

S Po

APp  apls A +£(P P.)
5 Z

280, "
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2 2 2 4 2
&+i+i:}3§ = A“AS Pm+ipfl
SZS zZ, Z p 02 Z

In the cochlea:

Xf. =XF’. +Xf.+1

2 2 2
&,1( - pf):ipf +i(Pf ! )
Zf.,l o ' Zpl ' Zfl "
2 2 24 2 2
(;)a%'l +i+ifpf = Aﬁ'l P, +iPf
&, Zn Zog Zi, o Ly T

From these equations we can determine the components of the matrix

éa, -a, 0 O 0 0O - 0 0 u
$a, a -a 0 0 0 0 0
€0 -a a -3 0 O 0 0 G
e a
e0 0 -a a -a 0 0 0 g
[A]:g O 0 0 -a a, -a, 0 0 ¢
é 0 0 0 0 - af1 ap2 0 0 a
é : : : : : : . . L’.I
é : a
é 0 0 0 0 0 a, -a, 0
é N-2 eru
) 0 0 0 0 0 -a,, A, §
a =P ALAS L AA L B A A A BN AL A
where i gZ Za Ze 5 Ze gze Zu Zm 5 Zm gzm gmzi gmzs 5
2 2 2 4 2 2 2 2.4
=AnAs aS:(;_+i+i+ a -—— a :(?%'1 +i+i—
%797 €z, z, z,5 "z, " &z, z, 2z,
ms Sk g e @ TR TS @ From the pressure, we can compute the

velocity from the equations above.
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14. Transmission Matricesfor Cochlear M acromechanics

The relation between the input and output variable of each stage of the peripheral auditory system model can be
described in the frequency domain in terms of transmission (ABCD) matices.

For the acoustic coupler:

eP,u_éA BuePu

§.07% ofsl

where
A:i B= Ze
Ay AA
_AA DA, 20
c Z, Aagl Z. g
1
Z =R+ K Z, =M jw+R,

The middle ear has two stages, from the eadrum to the incudo-malleolar joint and from there to the stapes. For the first
middle ear stage

€,  Zm U
Ru_S : e
&l €Al 1, AZy &0

&2,  AZ.d

and the second stage

égm& ngS L‘,'I
PLu_g A, AA R
&ndl EAA

egm i gmAsgi : qjg(.

After multiplying these two stages together
éR.U_¢éA BueRu

S0 ols.d

where

EB
&-IIO:

B_ gm S Zm + ZZn; g
Anpg gm s gmA.lZi ,@

2 2 ~

AZ, 9AZ 9nZ

2 + AJZZmZS gmAJZ O

x Z
gmAS gl-'-? Aizu Aizuzl Anzu ,@
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Z =M, iw+R, +K,

iw
Z —MiW+RJ+Ki
! ! Yiw
Z —MiW+RS+Ki
s s Siw
1
Z =R +K. —
=R Yiw

For aradia cross-section of the cochlea
eP u_¢éA Bueh U

.0 & Do

where

Zfl
B=—2
A=1 A
2 2
cC=_* D=1+_P"f
ZF’. P
Zfl =MfliW+Rfl Zp. =Zq +ququ
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15. Transmission Matrix for Cochlear Micromechanics

The effect of the micromechanics on the transmission of vibrations from the basilar membrane to the hair bundles of
the inner and outer hair cells can be described in terms of atransmission (ABCD) matrix. To derive the components of this

matrix, we start by writing the equations of motion in the frequency domain

Zx, =k, - g R

Zx, =F,

Zx, =g.F, +F,

where

Fo=-AP

F.=ZX,

F,=ZxX,

zb=|v|biw+R0+Kb_i
W

Z, =Mtiw+Rt+Kt_i
W

Z =M,iw+R +Kr_i
W

1
Z =RC+KCM

Z —_ }<Om Gm 9
T e, rowg

we want to rewrite these equations in the form
ehu_eA Budk.u
%0 & ol

From the eguations above, we have

1
CZt

e 9.9
Azgc+zb§g +Z_:
@
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16. Longitudinal Stiffness

Consider the effect of longitudinal stiffness on cochlear micromechanics. Displacement of the basilar membrane will
be opposed by its connections to adjacent radial cross-sections.
MpXy + RyXy + KXy + 05 RiX + 0o KX +K, (Xu - Xt\+1)+ KI.,l(Xn - Xh,l)z “AP

For time-domain solutions, the only effect of longitudinal stiffnessison S

Sn 22::1[&1)('4 + Khxt\ + 0. quq +g; quq + KI. G(h B Xtm)"' KI.,l(Xt\ B Xt\,l)]

For frequency-domain solutions, the effect of longitudinal stiffnessis more difficult to incorporate. If we let

. 1

Z =M, iw+R +K —

b b Rt\ t\iW

1

Z = + K. —

G RC. C'iW
Z|=K|—_1

' "Iw

Then the equation of motion becomes

(Zh + quch.)".u +Z, (X.ts - X.uﬂ)““zl.,l(x.u - X.u,l)z -AP

Let

Zn =Zt\ +ququ
Z b Z

& =-- d ==
Zn Zp.
A A

yfI = ypI ==
Z Z

thenfor O<i<N-1

Yo Pf. :X.p. B aix.p.q B blx.n,l

X.H =y Pty P - (Yf,,1 Vi )Pf

v, +y @ra)+y, @ro)lP =y, +0ly,, +ye P +lye +aly, + v P
-by P, - ay: P,

2
At the stapes boundary, let y, = % , SO that

ypops :X.s - aOX.p1
X.s = yspm + yf0 Pf1 - (ys + yf0 )Ps

|_yp0 Y, (1+ ao)JPs =YyPR. * |_Yf0 + ao(YfO Yy )JPH - P,
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2

At the helicotrema boundary, let vy, =% , SO that
h

yhPfNA =XpN71 B BN']-X

Pn-2
. _ +
Xer1 nyrzprrz nyrZPfer

|_Yh + YfN,z(l"' bN-l)JPfN,1 = |_ny,2 + bN-l(YfN,3 + YfN,Z)JPfN,2 - by.ays, P,

30



