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Relation Between the Rille of Growth
of Loudness and the Intensity DL
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Hearing lea of codlIear origin is usu.aIIy ....,..,ted wiltl an .lmm:mal.
growthof~known as /cuIints< n=dtmmtll is COll'IZrI«Ily uwmed
that when~ inaeuef I!I<m! n.pidly than no=aJ. • .....uer than
normal~ in Inla\sity will be required fen • j\Ist-notit'eablo!~
(JND). ~rdlr.3 to thiJ rusonlng. the differenoe iim=I (DLl for- intensity
might be expected to be much sm&1ler in eo.rtI with 1oudne:sI reaullment.
Ho~,1M!.ad tNt the obse:ve:I~tyDL ill notmuchana1kr ineaD
with Ioudnas rec:ruilJN:l'ltlw 1m SOfM to amdude that !hom ilIno rdatioll
btotween the ",teo!growth of Iou<lneII md the InteNity 01.. ThiIIappanenl
antradktion CNI be eliminated by co:rnr:t i:nbe<p,etatiorl of the =ori·tod
,·ariabIa At:cordlns to the lhemy of~ and HeI1man (1990),. the
~ J1''O for • ICJIW, is inV'eDOiy p'upo>tionaI to the~ of the
louciMM with nsped: to intIl:n5i:y; bowever. it is the I1ape of~
with rt5ptd to~ Iha!: grows ""'"' rapidly in recruitine; ean. not
the I1ape of 1tIom_ with:eopect 10 mtmsi.'y. Ar. _plot is~ ill.
whiI:b. •~ 4lI dB hl:a:i:v; Joes~ ..~ anaunt of
b.>c!:leII~b\.'t Ol"Jy •~ dote in the~ :IND,

I:\"T1l00UcnON

n.i:ntensil:yola -..nd is. phyo;ial~ thatilddboed u the IlJU&'"
of It. pi moe ciivided by tbI! ........... inpedrlCle. Tho: Just.,,,,," ..b~
dilit:aa <J!';"O) in-m~~ is~ by firw:bna 1m oman-

'"
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est intensity 1 + A1 that a subject an diJcrimin&1Il! &om the inteNity I,
50% of. the time.

Tho: kIudnet of • sound L(l) is •~ quantity tNt is doseIy
Iinbd. 10 intensity. Any~ in<::rmIerU In the intensity oi. sound
has • Wl.tif"""dinI: inae:nalt in kJudness. The lou<1noes JND 4!Q) is
dEfine:! as ltw d>o:lp in~ LQ) WUE5pa:odmg to 4l(l).

The rtlation be!: ..a:n the it:telSil) JND41 andlhe 1oIui._ Jl'.'D!lJ.. is •
d ......1 problem in IUditmy Ib«q'. This rldation Ms t.n ...yljecl~

.nrely. but nmainf;-.~ ....ll:Iweui.ll Two.,-...mn, th.....ies an
the wp.opc:tiaII1J1'oVtbecrymdb-equal~equaljND" theory.

Thl! -proportional]Srr tlwcry, fi:st deombed by IUesz (1933), post:.>­
1&ts that two _ will be judged equaIIy I&:Jud when their~
axaspald loequalJ!''Dcounlillgnn.:..n..JND~ntio is~
as the number 01 J)\"Ds beMan~ inlI!:nsity and the IIISt~
divided by tho: number of JSDs bel .._, thn:IhokI inllm5ity and~
u,!eal<E i"tenllt}', I<oown to cunespcaod to equal~ Ries.z sup­
pomd tbis theory by~ • single equal io<u:l:lftf ggntaur fn:Jm Fkt::he:r
and MuNOrI (1933) to reconstruct Itl entift family of equallou.dness=-Tht -equal ioudnas, equal Jl'.'D"~ was deIaibed by Zwislodd
andJorclan (19(6) as In a1tematiwtolhe -proportionaIJND"~.This
theory is hued on !he empirit::al. ob2rvalioll thall:z. of the JNO appears
to be UJII'O!1ated 10 the -,~ of Ioudness.- However, bee:awe the -slope
of Ioudnesl- was evaluated in tcms of dB/dB, it is not clear that the
1oudne5s JND should de~d on this qumttity. Although some mell5Ute­
lIlC'lti appur to IUpport the -equallQudno!Js, equal JND" theory (E.g.,
Stillman,. ZwiJloc:ki Zhang. .Ie Cafantli, 1993). other meuunmmls do
nollupport thiJ theory (e.g.. Rankovic, ViemeiJler, Fantini" Cheeseman.
&: Uchiytma. 1988~

In thit d\.Ipm, we "'" the te=~ Jlopt to n:fer to the growth
of Ioudnsl b:p' eed in temuI of dB/dB and distinJuish this <JI'&l'tity
&om the 1tJu4_ Jlopt (clefinN as the dm-·.tiw of the IoudneN Iunctian
wiIh respect 10 inbeNily). W. danalstRte,. for the caM 0/.. 1 kHz toni!
with quiet bad<gound. tNt an incase in the Iog~slope does
not '* nrily imply an~ in \oudnes.5 .x.pe.

DERIVA.TION OFTHE R.El.A.TIOS BETWEES
LOUD~"ESSA.."'''D THE Th."TES"srrY J!'o"D

A. dt:m..tion oIlhe relatian be: ..ee:, Iaudness and the ~ty p..'D is
t=IIn&f".zed in !his actic:o'I in O!'de: to establish itJ .....wdJty. For. rnc:e
campl£te deIai:ption of 2Us relalian, ... ADen and Seely (1996).
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The Taylor series explaUion for L(l) is

l.(1 +M .. L(l)+& ~I,+HOT

When~~ty]NO tJ is smaIl. W~ can~ the higher-order terms
(HOT) and approximate the Ioudnes& }NO by

tlL.tJ~l,

where, by ddinilian, 6L .. l.(I + tJ) - L(l). This sMw5 that 1M loudness
]NO 6L i& related -to !be in~ty JND 111 by the .1Qpe of the loudness
functicm, ~Ul.ted at 1.
W~ assume that tbe Iinglt-lriR1 IcudntSS is • random variable that is

proportional to the total number <>I neural spikes thai resuh from the
preentatioll of • tone. and INt the neural spilce$ are general"';: by •
p.,issor\ process.. 1M ratio of the ,"ariana! of the loudness at to the .veraS"
~ L(1) is caI1ed the FIDlO jmM.

0)

We assume that r .. 1 for In'ds below the reiractory limit, because this
is ot'I" of the special propertiM of • Poissonp~

From signald~~,Wl' ex~ thai

when: II' is • <:onsl3nt thai depends on the design of the signal detection
task. Combining equaliDn.'ll, 2, and 3 gives us the desired relation between
loudne$s and the int..n5ity JND

(')

when: h .. d'.r,. We can ilio exptUS this relation in te:m5 of theW~
fnletio:tl ] .. 6J//

(3)



Because equation 5 was fint derived by Hellman and Hellman (1990),
we ",fer to it as the Hellman and He1lman Loudness limen (HHLL)
eqtation. On the leflhand side of equation 5, we have the Weber traction
OI reLative intensity Jf'.'D. On the righthand side, we have terms that can
be computed from the loudness-intensity function. Bec:ause loudness and
the intensity JND llIl! measunble quantili<:s, we can test the validity of
the Hm.t equation usmg datil from the litera.tun!.

In Fig, 13,1, we use the HHl.L equation to predict the Weber fraction
from the F1etcher-Mumcn (1933) loudness-intensity function, and com­
pare this prediction with the direct measurements of Riesz (1928) for a 1
kHz lone. The loudness function L(1) in the upper-left panel is from Table
m 01 Fletcher and Munson (1933). The slope of the loudness in the
upper-right panel Was computed numetic::ally from L(1). The solid line in
the lower-left panel was computed usmg equation S with h .. 2.4. The
e>=llenl agreement between the predicted curve and the mea.<llIf'd. dlIta.
provides strong support to: the validity of the HHLL equation. The
measurements of Jesteadt, Wier, and Green. (1977) are aL.o included in
Fig. 12-1 for comparison. The agreement betwl'Jer\ the predicted Weber
fraction and the Jesteadt el aL measur=lents is good.. but could be im_
proved by setting h ~ 3 (Allen &: Ne<!ly, 1996).

The log-loudness slope (lower-right panel) indicates the slope of the
loudness function when it is plotted on log-log axes as it is in the upper-left
panel of this figun'. Note that the Weber fraction predicted by equation
5 depends on the loudness slope, but does not depend on the 1og-IO'.,ldness
slope. We see in the next section that an increase in the log-loudness slope
(due to loudness reauitment) does not necessarily imply an increase in
the loudness slope_

HEARING LOSS SIMULATION

He.... we simulate a hearing loss of <:och1ear origin as a level dep""dent
attenualioll of the sound intensity delivered to the auditory nerve. A~
COldingly, we define an impaired loudness function L'(D for [ above the
impaired~d I,.

L'(I) '= L(I· A), 1 > I, (6)

where A(I) is a level-dependent ettenuatiol'_ Fa< illustration, we can
simulate a hearing loss of -lOlog,,(A.) decibels by selecting the attenu­
ation function to be
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I'IC. U.1. Cocnparioon _ ~ ond --' ........,. ]NOo.
n.. "I'I'"'-IoIIpu.oI_1hoIo:lud.-_""'.1 kH:c_-..:I
by PlmtIor ..... M_ (lml- Thtvppa .¥dpmool"-"o tbo *'P-o/.
...~ functlorI. _ ulho dei ..... alJoo '_ willi ""I*!
'" -..,..~ -.olIy I<r lhollllllDa! _10 ..... to be 0 dJ 5Pt.
ThtJo•• Wt ponoI """'P"'B lho P ,. '.-,. J!','tI,<Jl:oIMd_
tho loud.- I'unc:Ilorl ond Iho HHU.~ (wIIh k • 1.Q. willi tile
-.-l ..... of _ (1921) cd J--4l,._, -:I e.- OJ17l. Tho
lew... poMI_a.Ior' '_*",",,_.h_1rI
"'~20_hlor~1II)dlllo_"'-".l<!ll_"_.

wMre 10 is ltw duahold in!l!rlmy fa: na:mal. '-=i and the e:qxa:.'i1t
P controIIJ Itw rale of growlh oi the~ fuDai<m. Far eocnple,.
_ c.l1l:llUla1e • 40 dB~ _ by ! r" Ao • 10"" lind cblain •
.....-hat .-liIQc: vowth at IouC: Ell wiIh F _ Q.2l7. This ewnple is
jTh,5tralecI in fis. 13.2 in the f=. o! .1oo.ao:IneIt~ ....,n~ the
diH....a ... ber,,_. !he~ at" C"d ~~.r is c\efined by the
.~ticn furdian. A(1).



Loocr.ess Balonee

n.

80

m

'" 80

~
L• 40--•m.,
~ 20

~

0

NEELY AND AU.£N

o 10 20 30 40 50 60 70 80
SPL in Poorer Ear (dB)

FIG. III L.oudn<oo _ /or ,;",u!olod Moring !<>OS. Tho diIf...~
bO'twoon !he """""'..,. .nd "I"""" C.,.- is dofintd by th< ."""..lion
"'~ AaJ In oqu.a_ 7, with "0 • 1cr'. ~ • 0.211.•.-.;1 I, • 10"/0.

Inuch panel of Fig. 13..3,~ compare:he impaired loudness function
L'(l) (dashed line) with the normal loudnesl; function L(I) (solid line).
Note that the loudness slope in the upper-right panel for the impaired
ear is J.ess than (or~ to) the normal ear over the entire IllIIg" of
intenzity, while the log-loudl\eS!\ slope in the lower-right panel is greater
for the impaired ear than for the norma.! ear. Oearly, the fact that •
loudness function has • greater log-loudness slope does not imply that
it also has. greater (linear) loudness slope.

The predicted Weber fraction for the impaired ear in the ]ow..,...left
panel of Fig_ 133 is larger near the impaired threshold of 4{) dB SPL,
slightly lower in the range from 50 to 70 dB, and nearly the same above
70 dB. This result is similal' ttl measuremen~of intensity JNDs in impaj"ed
ears (e.g., Stillman et oJ.. 1993). The pr..dicted Wew fraction curves.",
replotted in Fig. 13.4 as a function of sensation I"",,] and as a function of
loudness. The agreement between :he normal and impaired Were
fraction curves appears to be best when plotted as a function of loudness,
in which case the Weber fraction for the impaired ~ appears to be
ronsistently lowe! than that for the rumnal ear.
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~ "'"]-'$''' in Fig. 13.1 bl'lIoittl' ~ dusic lcodnes func:tion of
F1etdle and Mun!cm (1933) and tlw dassic: inMIsiry JND cUlla of Riesz
Om) wpp;:clt!he vaIidily of the HHll equation. Thif c:oulf*iioou is
cfion 1 in _ detail in ADm an:!~y (996). The HHll. equatD!
atSUll'l5 that thl! \..n&ncl! in lhe si"gie-tr;,u I<>ud..- is due 10 the spib
~ P"""* (inlemal~ and doe not indud" mnttibutions to
the ,,--ian:!! &om tt.rmaI """"" wilhin the cncNe. or thl! fA ..., of
roowl:lBke:s (emma! mi!Id. An ""'"tip...... of tlw e!ftd of~
on 1M~ p..-o would mr.me~ tlw HHll theory.

The IimWation of. CI dB Maring Ja...••~ depadl!Tlt alll!rma!icln
in equalioo 6 is ""'" . e d ..ith i::IpII:'melt oi axhlem QU~ baa otlls.
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which normally act in lIlevel-dependent IIlaIlI"oO:T to effectively compress
!he dynamic ra~ of vibrations delivered to imler hair celIs by about 40
dB (A1l<'Il, 1995). This simulation isalsoconsislent with observed loudness
ba1arIc:e functions (e.g., Stillman et aI., 1993), which show the Wgest
differences between normal and impaired ears in the intensity required
to match the 10udness of tones near threshold, and much smaller differ­
ences woill above threshold.

The agreement between the normal and impaired intensity JND func­
tions wa5 best for the simulated hearing loss when plotted as II funttion
of loudness. This observation is in general ag:ceement with Zwislocld's
hypothesis (Zwislocki &: JOIdan. 1986) that the intensity }NO is equal
when the loudne:ss is ~l. However, the fact that the simulated intensity
]NO for the impaired ear is always lower than the normal ear is incon­
sistent with measurements in impaired ears that show the inlensity}NO
to be sometimes gr<>ale! than in the normal ear at the same loudness (e.g.,
Stillman et 111" 1993). This may represent II limitation of the HHLL theory.

in our simulation, the slope of the loudness function was smaller for
the impaired ear than for the Nlrmalear at all levelsw~ the rompari50n
was made at equal intensity; however, when the comparison was made
at equal loudness, the slope 01 the loudness 10" the impaired ear was
always larger. This will~ the -""II' for any choice of attenuation function,
provided that it is largest near threshold and decreases at high leveis.
Thus, it seems that the HHLl. equation will always predict a sman""
intensity JND for an impaired ear at equal loudness, although the diffB-
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mce between impaired and nonnal =y be negligibly SllUIll in many
instances.

1M /act th.I.! tr.. HHU. "'lWltion predicts II. slightly smaller }NO for
theim~ ear is similar to~ trend observed in 50me measurements.
Stillman e! at (1993) observed that their raull!l ~5Uggest that intensity
.ind" in the poorer ear with pathological loudness recruilmenl may tend
10 be lower at medium and high sens.atiOllle\rels than in IN rontralalMal,.
better ear" (po 433).~. 5d\rode!', Viemeister, and Nelson (1994)
llboe:'ved thai Nihe Weber fracticrl was sometimes~ in the rnchlear~

impaiMd than in noImLl-hearing Iistelers" (pp. 2. 683).
The \ou.dnes$ balance hmctiDn for impairM ears is often steeper than

the example shown in Fig. 13.2. Thes~ of the loudness baW=
function in our'simulated huring 10ss is tontrolkd by the parameter p.
~g the val"" of P will ir>Cn!ase the loudness~ and c.o."", the
~ WI!ber fnctioo to decrease. For examp!£, if the vam.. of p is
in<::reased. by 1I hctar of two, thl: Weber fraction. when plotted as II function
of loudness, will deause by about 2!l%.

The INior point of this chapter is thaI the large log-Ioudncs& slope
expected for an impaiffil ear does not imply thai the loudness slope is
aIso largv. This point is cl9.rly illustrated by the comparison betw-.
the rum:n.ol. and impaired an; in Fig. 13.3, where the loudness .lope was
smallu (or ~) at all intensities even though the log-loudness slope
was Jarge at all inteJJSities. Thus, it is m.isi....<iing (and incorrect) to
describ<:' Iou.rr-s re:n;itmenl as .. m= npid growth in loudness. It
would be~ to desrnt>. loud=ss recruitment as .. loss of dynamic
range compression. This is more than just II matter of ...mannes. The
usoc::ialion of loudness reauitmenl with rapid loudness growth has
brought with it an exp«talion of much lower inte\$ity JNDs for W
impaired ear, and led """'" to ronclude thai an assod.o.tion between
lo:>\ld..--.. .1"1"" and the int.!nsity JND w,," inconsislmt with experimental
observations. A di...sociation helWl!eII loudness ~tmenl and rapid
growth of loudness may help to avoid this confusion lU'ld promote ac­
cepw= of the HHl.L equation.

CONCLUSION

Loudnes! recruitment should not be defined M"a more rapid growth in
loudness."~. recruitment represents a w... of the d~range
compression norm&1ly provided by outer hair .:ells. This results in a
.~ log-l0U<ine5s d"l""; hcJwew!, il doe-; nol i:nply thai the impil.i=l
ear has a steeper loudness .lope when the comparison is made al the
s=l.e intensity.
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